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A mechanical model for small vibrations
of an elliptic spider web

JORDI KINDT", ANTONINO MORASSI”

Abstract. A continuous membrane model for the innitesimal deformation of a
spider web was recently proposed by Morassi, Soer and Zaera (2017) in the con-
text of axially-symmetric webs. In this note we derive an extension of the model
to spider webs with elliptic shape. The analysis of the tensile pre-stress acting
on the referential conguration and the free transverse vibration of a supported
elliptical web are studied in detail.

1. Introduction. This paper continues a line of research initiated in
Morassi et al. (2017) and aimed at developing a mechanical model for
spider webs. The spider web is a complex biological-mechanical system
that has attracted great interest in the scientific literature of the last
four decades, both from the biological and biomechanical point of view.
We refer to the introductory section in Morassi et al. (2017) and in
Mortimer et al. (2016) for an updated overview of the state-of-the-art
and for a discussion on the usefulness of modelling-based approaches to
the study of the dynamical response of spider webs. Here, we recall that
the first two-dimensional discrete model of spider web was proposed
by Aoyanagi & Okumura (2010, 2015). The model was formed by a
finite number of radial and circumferential threads, and each thread
was described as a stretched spring subject to pre-stress tensile force in
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the referential configuration. The model was used to determine the pre-
stress state in an intact axially-symmetric web, and in a web damaged by
removing some circumferential threads. The discrete model by Aoyanagi
and Okumura was purely static, and its possible use for the study of
either in-plane or out-of-plane response was not investigated, not even
under the hypothesis of small deformations of the web. In Morassi et al.
(2017) a continuum membrane model for the infinitesimal deformation
of a spider orb-web was proposed. The model was derived for a specific
class of spider orb-webs, namely, the axially-symmetric webs. The actual
discrete web, formed by a finite number of radial and circumferential
threads, was approximated by a continuous elastic membrane on the
assumption that the spacing between threads is small enough. The
continuous membrane has a specific fibrous structure which is inherited
from the original discrete web, and it is subject to tensile pre-stress in
the referential configuration. The out-of-plane static equilibrium and
the free transverse and in-plane vibration of a supported circular orb-
web were studied in detail, together with the description of the tensile
pre-stress acting in the referential configuration.

Although the model proposed by Morassi, Soer and Zaera can be
adapted to reproduce general geometries, in Morassi et al. (2017) the
attention was restricted to circular-shaped webs in which the circumfer-
ential threads belong to concentric circles. The main goal of this note
is to extend the analysis developed in Morassi et al. (2017) to spider
webs having elliptic shape, that is webs in which the fibrous structure
of the continuous membrane is formed by straight threads and elliptical
threads.

The analysis of the elliptic geometry turns out to be far from being
trivial and, in fact, it requires the introduction of additional a priori
hypotheses - with respect to the circular case - to allow a reasonable
analytical treatment of the problem. Among these assumptions, one
should recall the hypotheses chosen for the determination of the initial
pre-traction state in the spider web, both with the auziliary and the
catching spiral. Another difference from the circular case is the impos-
sibility of separating the radial variable from the angular one in the
study of transverse vibration modes, which instead was feasible in case
of circular symmetry. Concerning this last point, it is shown that the
natural frequencies can be estimated from above and below in terms of
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the corresponding ones of the circular web, and that the approximation
is as good as the elliptic shape is close to a disc.

2. Kinematics. The elliptic spider web considered in this paper is a net
formed by two families of intersecting threads, see Figure 1. In a refer-
ential configuration By, one family coincides with the radial directions
passing through the origin O of a two-dimensional Cartesian coordinate
system {O, X1, Xo} (radial threads), and the other family is formed by
homotopic ellipses (elliptic threads) having diameters along the axes X1,
Xy of length 2aR, 2bR, respectively, where a, b € R and R > 0 is a given
length. The threads of each family are assumed to be close enough to

X

Figure 1: Referential configuration, parametric representation and co-
variant basis.

each other, so that the web can be described as a two-dimensional ellip-
tic continuous membrane. More precisely, the referential placement X
of the particle X in By is given by

X = Xl(ﬂl, 192)E1 + X2(191,192)E2 = 191(CLCOS $oEq + bSin’l92E2), (2.1)
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U1 = P, Yo =, V1 € [O,R], Vg € [O, 27T], (2.2)

where {E1,Ez, E3 = E;xEs} is the canonical basis of R?, that is E; -
Ej = (Sij, with 5ij = 0if ¢ 75 ] and 5@']' =1if¢ = j, i,j = 1,2,3.
Here, ” x” and ”-” denote the vector and scalar product in R3, respec-
tively. With reference to Figure 1, the radial threads in By, coincide with
the coordinate curves 19 = constant, whereas the elliptical threads are
formed by the points with Cartesian coordinates (X7, X2) satisfying the
equation , ,

%+% =p?, pel0,R]. (2.3)

Our analysis is developed under the condition
b>a (2.4)

and, in particular, we shall consider the realistic range of values

b

- €[1.1,1.3], (2.5)

a
which is roughly satisfied in most of the real spider webs, see, for ex-
ample, Figure 2. Note that the axially-symmetric geometry of the
web, which was consider in Morassi et al. (2017), is obtained assum-
inga=056=1.
The unit tangent vector to the threads of the ath family is ﬁi—z‘, where
A, = % =X o, a = 1,2, are given by

A1 = acos¥Eq + bsin ¥ Eo, (2.6)

Ay = 191(—a sin oK1 + bcos 292E2>, (2.7)

and |[A,| = (Aq - Aa)%. Here, {A1, A2, A3 = E3} is the covariant basis
at a point X € By, and {A!, A2, A3 = A3} is the contravariant basis at
the same point, with A® - Ag = 5%, where 52{ =1lifa=pFand 63 =0
if a # B, a, 8 = 1,2, namely,

Al cos U9 E, 4+ sin Vg E,, (2.8)
1 sin ¢ cos U
A2 = 7971(_ ; ’E, + ; °E,). (2.9)
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Figure 2: Real spider-web geometry (left) and its elliptical approxima-
tion (right).

Our analysis is restricted to infinitesimal deformation assigned on the
referential configuration By. The actual placement of a particle X € By,
at a given time t (which is omitted here, to simplify the notation) is
denoted by x = X + u(X). The smooth displacement vectorial field
u : B;, — R3 is represented as

2
u=>» u"A,+u’As, (2.10)

a=1

where u®, o = 1,2, are the contravariant components of u. Note that,
hereinafter, Greek indices assume values 1, 2, and summation of the in-
dex is explicitly indicated. The assumption of infinitesimal deformation
requires that

X (dllzg(%ﬁ) + 83%)) <&, X € By, (2.11)

where ¢ € (0,1) is a given number, and where all the quantities of
order O(e™), with 7 > 1, are neglected. Finally, we denote by ;—‘;‘

33



J. Kindt, A. Morassi

YL e

Figure 3: Actual configuration, covariant and contravariant basis, and

internal force assumption.

the unit tangent vector to the threads of the ath family in the actual

configuration B of the membrane, see Figure 3, namely

Ox _
0V,

Ag = a:Aa+u,a7 a:1,2,

where

2
u
a; = (1+ul)Ar+ <u?1 + p> A; + v’ Es,
1
u
+ub

as = (’U,}Q — pu2)A1 + (].
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The contravariant basis {a!,a? a®} in a point x of B is defined as a® -

ag = 43, a’=az = %, and we have
' = g [(Ana(uy = pu?) + An(1 — )] Art
+p2;2b2 [(—Ap(uly — pu2) — Apa(1 — u}))] Agt (2.15)
+p2(1121)2 [(Agu®, — Arpu)] Es,

1 u? ul

= e | (m ()~ (1m0 - ) ) e
1 u? ul

g (e (45 )+ (1= ) ) e

(2.16)

3. Fiber densities. We assume that the radial threads in By, are equally
spaced in the plane angle 27, and we also assume that the elliptical
threads are equally spaced along the radial direction. Therefore, de-
noting by di,dy the thread densities in By of the radial and elliptical
threads, we have

d e (3.1)
1= , )
pv/ a?sin? ¢ + b2 cos? ¢
_ ¢
dy = ¢ , (3.2)
Va2 cos? ¢ + b2 sin? ¢

where the two positive constants C?, C? are the number ﬁp of radial
threads per unit plane angle and the number ¥¢ of elliptical threads per
unit length along the radial direction in By, respectively. With reference
to Figure 4, the expression (3.1) of d; guarantees that the number of
radial threads crossing the two elliptic arcs A; By (corresponding to p =
p1) and AsBy (p = p2 > p1) coincide. We have

ﬁp(AlBl) = gl(AlBl)dsl, ﬁp(AQBQ) = CZl (AQBQ)dSQ, (3.3)
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Figure 4: Two generic elliptical threads intercept the same number of
radial threads.

where ds1, dso is the length of the arcs A1 B, A2 Bs, respectively. As-
suming the points A,, B, given by Ay = (pa, @), Ba = (pa, ¢ + do),
a = 1,2, where ¢ is a given angle and d¢ is an infinitesimal increment,
by (2.1) we obtain ds, = pay/a?sin® ¢ + b2 cos? ¢pdg, o = 1,2. Then,
using (3.1) in (3.3), we obtain #,(A41B1) = #,(A2Bz). Similarly, the
expression (3.2) of dy allows the conservation of the number of ellipti-
cal threads crossing the segments A1 B (corresponding to ¢ = ¢1) and
AsBy (¢ = ¢2 > ¢1), where Ay = (p,da), Ba = (p+dp, ¢a), @ = 1,2,
and dp is an infinitesimal increment of the parameter p. With reference
to the Figure 5 we have

#4(A1B1) = da(A1Br)ds1, #4(A2B2) = da(AsBs)dsa, (3.4)

where ds1, dss is the length of the straight segments A1 By, AsBs, respec-
tively. By (2.1) we obtain ds, = \La2 cos? ¢ + b? sin? ¢q dp, o = 1,2,
and, therefore, by (3.2), we obtain #,(A1581) = #,(A2Bs).
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Figure 5: Two generic radial threads intercept the same number of el-
liptical threads.

It should be noticed that the present analysis of the fiber densities
can be extended also to include more general situations in which, for
example, C? = C?(¢) and C? = C?%(p). Hereinafter, for the sake of
simplicity, uniform fiber densities were assumed.

It is understood in our deformation analysis that no slippage can oc-
cur between fibers belonging either to the same family or to two different
families of threads, so that each given particle has exactly the same two
fibers passing through it at each stage of the deformation process. Under
this assumption, the expression of the fiber densities di, do in the actual
configuration B can be obtained by postulating the conservation of the
number of threads crossing a material fiber lying on a coordinate curve
in By and the corresponding crossing its image after the deformation. It
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_[ra /A
dy = d, (£> dy = do <a1111> (3.5)

where Aqe = Aq - Aq, Gaa = Ao - a4, @ = 1,2, After linearization, we

obtain 1
_ 1 U

d1:d1 1—u22—u——7“1 i—lﬂ N (3.6)
' p p

dy =dy (1— u}l - rg(pu?l + u2)) , (3.7)

with the numbers 71, ro defined as

follows that

(b? — a?) sin 2¢
2(a?sin® ¢ + b2 cos? ¢)’

T =

(3.8)

(b? — a?) sin 2¢
2(a? cos? ¢ + b2 sin? @)

To = (3.9)

4. Internal contact forces and equilibrium equations. The analysis
follows the arguments shown in Morassi et al. (2017). For reader’s con-
venience, the essential aspects are recalled in the sequel.

We assume that the internal force on an arc element of section along
the ath family of threads in the actual configuration B is a tensile force

parallel to the ath coordinate curve, i.e., parallel to ;—Z‘, and we denote
by n (x, ;—Z‘) the force per unit length acting on an arc of the actual

surface B having unit normal %, a = 1,2. The external force field
acting on the deformed membrane is assumed as

2
p=> p’a.+p’as, (4.1)

a=1

where p®, p? are regular functions of x, & = 1,2, possibly coincident with
the inertial forces per unit area in the dynamic case. By the Cauchy’s
lemma, for every unit vector v belonging to the tangent plane to the
surface B at x, there exists a unique stress tensor field N = N(x) such
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that n(x,v) = N(x)v, where

2 o 2

_ « o a al — af _

N az::lN ®a,, N n(x, |a°‘)|a |_5z:1N ag, a=12
(4.2)

In particular, on the arc element of the surface with normal % a force

parallel to as is acting and, analogously, on the arc element of surface

having normal g—il a force parallel to a; is acting. Then

aa
n <X, |aa|> = daTa, o = 1, 2, (43)
where T, is the traction on a single thread belonging to the ath co-
ordinate curve (e.g., a force vector parallel to a,), and d, is the fiber
densities of the ath family threads.

The threads have vanishing shear/bending stiffness and we assume
that the magnitude of the force T, depends only on the elongation in
the direction of the ath coordinate curve, that is

_ ay
To=To+ As0a)—, a=1,2. (4.4)
a

|2

In the above expression, T, > 0 is the tensile pre-stress force acting in
the referential configuration By; A, is the area of the cross-section of a
single thread belonging to the ath family; and o, is the normal stress
caused by the deformation of the thread. By (4.2)—(4.4), we have
(e laal |aa|
N =do(To + Aaaa)a—aa, a=1,2, (4.5)

|2

or, in controvariant components,

o]

]\711 = dl(Tl + Alal) m, (4.6)

22 _ g (T + A |a®2|
N = d2(T2 + 20‘2) 7‘(122‘, (47)
N2 = N2t =, (4.8)
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where a“* =a“-a“, a=1,2.
Under the assumption of elastic material, we have

oa = Eeq, a=1,2, (4.9)

where E, > 0 is the Young’s modulus of the material and &, is the
elongation measure of the threads belonging to the ath family. By the
assumption (2.10) on the displacement field and working within small
deformations, the linearized version of g, is €4, = Zfalz, a = 1,2, where
the covariant derivative uq |, of the covariant component u, with respect

to ¥, is given by

2
=0
Uala = Uasa — E Lo us, a=1,2, (4.10)
o=1

and fi,@ =A.5- A° is the Christoffel symbol defined on the referential
configuration By. In particular, we have

uilit = ui1,  usla =ug2 + pug (4.11)

and
U1 u2,2 + pul

= . (412
(a%cos? ¢ + b2sin? ¢)’ °2 p%(a?sin? ¢ + b2 cos? ¢) (4.12)

g1 =

The differential equations of equilibrium can be derived by using the
Euler-Cauchy balance force equation on B, using Cauchy’s lemma and
applying the Divergence Theorem. Under the assumption of smooth
tensor and vector fields, we have

Y2 N, +p? =0, inB, y=1,2, (4.13)
> a5t NPga +p* =0, in B, (4.14)
where
2 2
N’YOC|CV :N’ya’a—i—ZN’y(srga_i_ZN(sarga’ (415)
o=1 6=1
Lop = aap a7, (4.16)

2
bga = Zbl%m ayg = ay - ag, by, = —az.-a’. (4.17)
y=1
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Finally, by inserting the expressions of the actual thread densities (3.6),
(3.7) in (4.6), (4.7), and using the expressions (4.12) of 1, €3, after ne-
glecting high order terms, we obtain the linearized constitutive equations
of the membrane stresses

di(T1+ A !

N — 1(16—;101) <1 —u?Q — % - 2u711 — 1 (pu?l —|—u2)> ?,

1
1 (4.18)

do(To + A 1 u

N2QZM 1—u11—2(u22+u)—r1 2 g2 .
p-ab ’ cop p T2
(4.19)

5. Pre-stress state. The expression of the pre-stress state acting on
the referential configuration Bj of the membrane can be determined
by evaluating the expressions (4.18), (4.19) of N N?2 for vanishing
displacement field. We have

—11 diTy [re
N = — 5.1
ab ™ ’ ( )

_ doT _ .
=S (NP =N —0). (5.2)
p2ab \ 1o

Recalling the expressions (3.1), (3.2) of the fiber densities and the defi-
nitions (3.8), (3.9) of the quantities r and 7o, we have

11 CrT,

N = , (5.3)
pabr/a? cos? ¢ + b2 sin? ¢

. C’T

N? = ¢ , (5.4)
p2aby/a? sin? ¢ + b2 cos? ¢

with C?, C? constants.

The pre-stress field N must satisfy the equilibrium equations under
vanishing load, that is

S22 N.=0, y=12, By, (5.5)

a=1

2 o N0 =0,  in By,

41



J. Kindt, A. Morassi

where Bga, o, 8 = 1,2 are the entries of the second fundamental form of
the web surface evaluated in the referential (flat) configuration Bj. Since
all the Bga’s vanish in By, the force equilibrium equation (5.6) in trans-
verse direction is identically satisfied, whereas the in-plane equilibrium
equations in (5.5) become

N7+ N =, (5.7)
N, =0. (5.8)

Note that, hereinafter, we have geﬁne(i Wpi = Nil, N = N*. More-
over, we shall use the notation T\, = T'1, Ty = T, (-),p = %{? ()p=
()
Op

)
Equation (5.8) implies

N =N"(p). (5.9)
that is, recalling (5.4),
Ty(p: & _
: j( ) = 74(p), (5.10)
Va2sin? ¢ + b2 cos? ¢

where 7,(p) is a function to be determined. By (5.10), equation (5.7)
can be written as

— c?
(prp)vp: Eﬂzﬁ(l))a (511)
and, therefore,
(ON™),p6 =0, (5.12)

which implies

C,O Tp(/)a ¢)
ab = 5.13
ab \/a20082¢+b28in2¢ p(p)+q(¢), ( 1 )

where p = p(p), ¢ = q(¢) are two unknown functions. The above equa-
tion shows that the problem of determining the state of pre-stress in
the present treatment is underdetermined. In order to investigate on
the existence of an equilibrated tensile pre-stress state, we shall assume
q(¢) = 0, that is we accept that

Tp(p7 d))
Va2 cos? ¢ + b2 sin? ¢

=7,(p). (5.14)
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Inserting (5.10), (5.14) in (5.7), we obtain a single differential equation
involving two unknown functions, namely

Tolp) =€T(p),  in (0, R), (5.15)
where £ = g—f >0 and 7),(p) = dFj[Ep).

Following the arguments discussed in Morassi et al. (2017), we shall
further introduce an assumption on the circumferential pre-stress 74(p).
We can distinguish two main situations, which correspond to the real
process followed by the spiders in creating their webs. Referring to
Morassi et al. (2017) and to Wirth & Barth (1992) for more details, we
recall that in the early stage of the web the spider creates a preliminary
family of circumferential threads, called auxiliary spiral. The exper-
iments performed by Wirth & Barth (1992) support the hypothesis of
proportionality between circumferential and radial pre-stress. According
with those observations, we assume

To(p) = kT,p(p), k>0 constant. (5.16)
Replacing (5.16) in (5.15), and accepting the boundary condition
T,(p=R) =0, o >0 constant, (5.17)
on the boundary of the elliptic membrane, we obtain
7,(p) = Te"r,  pe[0,R], (5.18)

where T = e "R > 0. Recalling (5.10), (5.14), the tensile pre-stress
acting on a single radial (T',) or elliptical (T',) thread is

T,= Teker \/a2 cos? ¢ + b2 sin? ¢, (5.19)

Ty = kTekér \/a2 sin? ¢ + b2 cos? ¢. (5.20)

In the second stage of the web construction, the spider removes the
auxiliary spiral and adds the threads of the catching - or sticky - spiral.
This last configuration is the finished web, and arguments discussed in
Wirth & Barth (1992) suggest that the tensile pre-stress in the elliptical
threads can be assumed approximately constant, namely

T(p) = T = constant > 0. (5.21)
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Figure 6: Maximum and minimum pre-stress state values in a spider-web
with sticky spiral.

By (5.15) and (5.17), we obtain

7o(p) =T + Epp, (5.22)

with 7" such that T — R > 0 and, therefore, by (5.10) and (5.14), we
have

T, = (T+¢Tp)/a? cos? 6 + B2 sin? g, (5.23)

Ty= ’7’\/a2 sin? ¢ + b2 cos? ¢. (5.24)

We conclude this section with a couple of remarks on the obtained state
of stress in the finished web. Recalling our geometrical assumptions (2.4)
and (2.5), from (5.23), (5.24) it turns out that the maximum tensile
force in a radial and in an elliptical thread is attained at the points
(X1 =0,X2 =bR) (T, = ob) and (X1 = aR, Xy = 0) (T, = Tb),
respectively; see Figure 6. It follows that the maximum tensile force Tp is
attained in the radial thread having maximum length, and this property
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is in agreement with the need to ensure ”uniform” stiffness of the web
to transverse loads. Moreover, the maximum value of the traction in
the threads belonging to the two families is reached in different points,
suggesting an ”optimal” distribution of the pre-stress inside the web.

In conclusion, although the a priori assumptions made in deriving
the state of pre-stress are rather strong, the final result seems to be
reasonable and it will be used in studying the transverse and in-plane
dynamic response of the web in the next sections.

6. Transverse motion. By replacing the expressions (4.18) and (4.19)
of N'! and N?2 in equation (4.14), after linearization, we obtain the par-
tial differential equation governing the transverse motion of the mem-
brane under the transverse load per unit area p* (inertia forces are in-
cluded):

CcrT, N C9T N
w w
pab/a? cos? ¢ + b2 sin? ¢ e p2aby/a? sin? ¢ + b2 cos? ¢ @9
CT
+ 2 : pw,p+p* =0,
p2abr/a? sin? ¢ + b2 cos? ¢
(6.1)
or, equivalently, recalling (5.10) and (5.14),
Ccr_ ce _ 3
b Pt %%(ww +pwp) +p° =0, (6.2)

where Ty, 7p, are given by (5.16)-(5.18), (5.21)-(5.22) for the web with
auxiliary or catching spiral, respectively.

In the sequel we shall investigate on a special case of (6.2), namely
the undamped transverse free vibrations of the elliptical membrane sup-
ported at the boundary, i.e.,

u3(R, p,t) =0, (6,t) € 10,27] x [0, 00). (6.3)

In this case, the function p? in (6.2) coincides with the surface density
of the out-of-plane inertia forces. Denoting by m, and mg the uniform
linear mass density of the radial and elliptical threads, respectively, the
surface mass density v of the continuum model can be determined as
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v = %, where dA = |Ay x Ag|dpde = pabdpdg is the elementary area
in By and dm is the elementary mass of the threads lying in dA. It turns
out that

cr c?
v(p, ) = pabmp\/a2 cos? ¢ + b2 sin? ¢ + E”%\/CLQ sin? ¢ + b2 cos? ¢
(6.4)
and, therefore, the transverse motion equation becomes
cr _ ce _
ﬁ’rpu?pp + WTCP(U,?)(?(? + pu?p) - ’Y(p7 qs)u?tt = 07 (65)
for (¢, p,t) € (0,27) x (0, R) x (0,00). Setting
u® =w(p, 9)y(t), (6.6)
we can separate the variables (p, ¢) from the time variable ¢, obtaining
y" + Xy =0, t >0, (6.7)
and, using (5.15),
(Tow,p) p + Aabyw = —%w7¢¢, (6.8)
where 7 = 45, A € RT is the eigenvalue to be determined and
k&7, (unfinished web), (6.9)
(6.10)

&u  (finished web).
The expression (6.4) of the mass density 7 prevents the separation be-
tween the radial variable p and the angular variable ¢. Therefore, in
the sequel we only provide estimates, from below and from above, of the
eigenvalues of (6.8) under the boundary condition (6.3). It is easy to
show that

T (p) = a(my + Emgp) < aby < b(m, + Emgp) =7 (p), (6.11)

and it should be noticed that the variables p and ¢ can be separated in
(6.8) when ab? is replaced either by 4~ or by 1. Let us consider, for
example, the coefficient 7. We can look for a solution to (6.8) (with
ab? replaced by 4T) of the form

w(p, 6) = u(p)®(@), (6.12)

where, by regularity of w, ®(¢) is a non trivial solution of the eigenvalue
problem
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" +12® =0, (6.13)
®(0) = ®(27), (6.14)
o'(0) = ¥'(27), (6.15)
and u(p) solves
2
(?Pul)/ + )\+A’}7+’LL = ;gu, pE (07 R)? (616)

where the function g = g(p) is defined by (6.9)-(6.10). It is easy to show
that the eigenpairs to (6.13)-(6.15) are
v:=n? ®,(¢) = Acos(ng) + Bsin(ng), n=0,1,2,... (6.17)

n

If n = 0, then v9g = 0 and ®y(¢) is a non vanishing constant. The
corresponding eigenfunctions w are functions of the variable p only, and
can be determined by solving the problem

(Tpup) + A7 Tuo =0, pe(0,R), (6.18)
ug(R) =0, (6.19)
up(0) =0, (6.20)

where in deriving the boundary condition (6.20) the absence of a concen-
trated transverse force acting in O has been taken into account. Problem
(6.18)—(6.20) admits simple real eigenvalues {)\+ ©, such that

0< )‘({1 < )\({Q <., lim )\JFJ = +o0. (6.21)

%OO

When n > 1, the eigenfunctions u(p) in (6.12) can be determined by
solving

(Tou') + Nytu = ”;gu, p € (0,R), (6.22)
uw(R) =0, (6.23)
u(0) = 0. (6.24)

For every n, n > 1, the eigenvalues of the above problem will be indicated
as {\} oy, with

0< A <Ay <., lim Al = oo (6.25)
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Note that the end condition u(0) = 0 guarantees for finite values of the
strain energy associated with the transversal deformation u = u(p).

In conclusion, the elliptic membrane with mass density 4+ as in
(6.11) has the sequence of eigenvalues {\} ,}oo_;, n=0,1,2,.... By re-

m=1
peating the above analysis with 77, we obtain the eigenvalues {\,, ,,, }7—1,
n = 0,1,2,.... Finally, by a monotonicity theorem, see Courant &

Hilbert (1965), we can estimate from above and from below the eigenval-
ues of (6.8). More precisely, after a suitable reordering, every eigenvalue
{An,m} of (6.8) is such that

An(YF) < Am(3) < Aum(37)- (6.26)

The accuracy of the above bounds clearly depends on the ratio g, see
(6.11). However, for & € [1.1,1.3] it is expected that Ay m(F1), Anm(37)
offer a good approximation of the actual eigenvalue A, 1, (7).

7. In-plane deformation. In this section we write the equations gov-
erning the in-plane mechanical behavior of the elliptic membrane. A
complete study of the in-plane problem is outside the goals of the present
note, and it will be the object of future investigation. Using the con-
stitutive equations (4.18), (4.19) for N*?, N®?  respectively, within the
equilibrium equations (4.13), recalling (5.10), (5.14) and passing to con-
travariant components, after linearization we obtain

C ¢?¢
p2ab
CP7yp CP A Eplulpp + 12 (puﬁ;p + 2“%)]
pab paby/a? cos? ¢ + b2 sin? ¢
C?AyEg[u’ + puf’; +ri(ufy — pu?)]
p2aby/a? sin? ¢ + b2 cos? ¢

[uﬁw - PU:Z; -T2 (qui +pu®) + 11 (uf:;ﬁ — pu?)]

ra(puf, + 2u%) + (7.1)
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o7 a2 (ufy — pu?)
5 0 pu‘i+u¢+ ‘2,d>
p2ab ’ p (a?sin” ¢ + b2 cos? ¢)?
Cd)?(j) 9 up¢ 1
_ T 0 I S OO AN
2ab [7“1 , P (g — Puig) | +
COASE 2 u
?—¢ uly— +u‘fb¢+— u — =2 ||+
p2aby/a?sin? ¢ + b2 cos? ¢ p
C?ALE, 71
+ i [(u”+u¢¢+3rl( — pu® ]
p2aby/a?sin® ¢ + b2 cos? ¢ L P
CrT 2
T ah ( o > +7(p, @)ufy = 0,
(7.2)

where A,, A, is the area of the cross-section of a single radial and
elliptical thread, respectively, and E,, E, are the Young’s modulus of
the material forming the two families of fibers. Equations (7.1) and
(7.2) express the dynamic equilibrium for undamped free infinitesimal
vibrations in radial and angular direction, respectively.

8. Conclusions. The formulation of mechanical models of the dynamic
response of spider webs has raised an increasing interest in recent years,
due to its implications in the study of the spider behavior. Morassi, Soler
and Zaera (2017) proposed a continuous model of pre-tensed structured
membrane of orb-webs. The model was developed under the assump-
tions of axial symmetry and small deformations. The main purpose of
this note was to generalize the above approach to spider webs of ellip-
tical shape. The extension required the introduction of appropriate a
priori hypotheses for determining an admissible pre-tension state in the
referential configuration. The present work should be considered as a
preliminary step towards the study of more realistic spider web geome-
tries having a single symmetry axis.

49



J. Kindt, A. Morassi

References/ Bibliografie

Aoyanagi Y., Okumura K. (2010). Simple model for the mechanics of spider-
webs. Physical Review Letters, 104: paper 038102.

Aoyanagi Y., Okumura K. (2015). Erratum. Physical Review Letters, 115: pa-
per 039903.

Courant R., Hilbert D. (1965). Methods of Mathematical Physics (volume I).
New York: Interscience Publishers Inc.

Morassi A., Soler A., Zaera R. (2017). A continuum membrane model for small
deformations of a spider orb-web. Mechanical Systems and Signal Processing,
93:610-633.

Mortimer B., Soler A., Siviour C.R., Zaera R., Vollrath F. (2016). Tuning the
instrument: sonic properties in the spider web. Journal of the Royal Society

Interface, 13: paper 20160341.

Wirth E., Barth F.G., Forces in the spider orb web (1992). Journal of Com-
parative Physiology A, 171:359-371

50



